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How Can we P/o(‘#pol?

We preceed by relaxing our definHion of um'mvsalﬂ—y,
and then hoping we Can Figure ot how 1o SCrape by
wvHh @ non--dransversal gaie...

EXPLTHIV, we will shew +hat

C, viT3
sylfices with this re laxed notion ., o Nd
+hen 9/V € fay 4 —to levent constryctions
of 1the T g9ate



A Pr/e yimatlin 9 untaries

cirurls over 6
GiVon a Lin1e set of gates G, LGy is
(‘oun‘iablp,) but Uf(n) iS uncounteble
AX h unH'ary malrices
s,‘h('P we ('qn"-/ l\Of'P Jo fMP'pMM‘f' g(/p,y unﬁary anf‘f'fy,

ve need +o havf a nolien ot approximation error.

(A PP imodion error)
Given @ unitary U, the érrer when U is approximatal

by Vis r——opﬂfa-ior Nnor
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>
ND‘fP.' -1l 'S @ norm, So [[A +BII= (1Al T18BI1)

also LIUA Il = 1Al U uniary

Ve use the operador norn because the o fFerence in
poasureperd probabilifies afHer apply U o7 V' is bounded by
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A €inite Sed of gates G, 6rs universal
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A pPpRreximad on pof single-gub/+
unilarieS S UfCcreos

We €irSt show thel i+ sSuffices 4o onky approximate
Single-q 4bit+ unitaries o SSumning CWT is or'ven, For
this i1 is hP/P*/’d/ 1o note en impo-tant Yt abost
how €rrorS in @ Crrcart ("omb,’ne
' )
( Ap,oroximai ion errors add) — 1mpos Fant:
Observe that i+ U, end Uy are approximated to

Orror € by v, ond Uy, 725p- + hen
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The preceding pornt is useful in compilation because A
vells us +het ¥ we wanito approy;mete o cireuid wid A
d gates do erqer €, v need +o eppraimorte €qoh gate
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Thm.

f H, T3 is un verSal For Stnglo -gubrt untarsiPs

PC. Sheich

Lot R =THTH | Ra= HRH=HTHT,

I+ can be shown 1hat R, X R.Q are rola+t,ons of
an qnglé O wich i3 an irrational myl{/pte of

(0 kQ #2 2t YVhEZ)
oroynd noh-pe’a lle| axeS 7‘1,/? resp-
S, hee o is l'frdffa/m/.) wé Cen rotate éy ;’nFt‘n::Iv/y
many ongles aroend either axi/S.Tniuidively , say
we want 40 appf"xf'"‘*f Rq () +oaTuracy ve.
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£ € d:stance a,ow‘*
Caalled en €-ret)

Sp write any Single-gubit unriary @s
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SPPPc‘ of al)f)foxima‘l’:bn

Naively, ths method gererates an €-het with cirtaits of
length O(Ye?) = rovghy A% rotations +» 9Pt within
¢ of I. 1hen Y& muHiples 1o cver the civcle.

This suchs!

Tha, (Solovey - K 4aev) , (7.7
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is universal €0, Single-gwbt unitaries | a Snogle gmbir
Un/'f'ary (/ can be a'oprax,'ma‘lpd over G 10 € osor

with at most (N(log(Ye)) gates from G

T}’\P So/ol/ny— Kitaey Fheorem is fundamertal +o +he
£

_PoQQrb-’lh‘y of FTQEC, os rt States 1hatl we can
yse Pault—tolorant gotes wilh Sub- polynomie/ overhead. T n

preciice it is impor tant €57 FTQ EC implemeriat iohs of
e The Quantum Fourior 41anstorm (besis ol Skor 1 orhers)
o Hami 4on,0N sty lart jon

bothef ~hich r equre many Single -gutbrt 947‘«’ ARPrEX IS,
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Thm.

The Cl:Fpp/d g reup PILIS' a_n_L nDﬂ'(//F“'%"d
Undary iS approximately ynlversol

(The proef of 1his theorem brings wp :nlereSting Connactions
to lattice theory. Certain 9ate sets correspond fo
automorphisms oF well-hrown lotHires, T n +th € Cifron
Case., this is 1he Basnes-wall lo+f;re, and The mos+
('o.qy\onI’ Ccried ProP'F for thS €at falls ouwl of HA's (aw,.*ar,'a,’)
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The following are approx vatel, univesal sate sefs

and thorr nelusions:.
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NDI' "f‘fansvﬂr;ql T 9a+p &

Wp know we hNC‘ d+ ,Pa$+ one 9¢7"-€ (T) v;"'(-/' is MDT

f.mng./prs‘ql Yo get o uni ver Saf gate set, Foﬁwn'}p/ Y 1heve
oxist olher more CoSif, methods for Cordain potes,
namely Gate teleportation + magic states.

(Tp/pPor-/fn9 thé qu*?)
The folloving ClreatS areo eQ\/iValo/ﬂ up to 9/ob-/pfw5{
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L€ we write |1AY = THIO?, +hen up +03/Oba/p/\a$e

e &
(A

S callod @ “magic State™

Upshot : (£ we Cah prepare 1he Sfate |4,
per form Cli6orl gales, and maasure Contt—tolergnty,

we Can per€orm the T gote fouh-1olosantly !

('A_) 5+a1—p_5 CwCa Par/y QOOO"S)

The 14> SHete con be prepared feult—olorunt), by
using transrersal Cliffords, T n particular,
e T4 SX 1AY = 1AY
So we (Can (P/o_)'((’l- @ Siote onmtp the |AY Stete by
"'"7"5)(4; which is CLnl. Exp//r'h‘/y’
postselection Note: thie is not FT
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State dist.llation

I many mod e/ oodp_s’ +he old's.l—ylf 14> Statee
prep arotion 1S VPry ine-cfiryent,

Brayvi & Kitary (9007) gave an alternative meiicy
which Scalgs bettor called mag.c sState dis+ilation

(m ag/r state dr’s*h'l/a'fian)
The basSic idea of magic State distlation 15 to tafe
many Fouvld y copies o€ the wagic State, and dis# !l

them info O0ne or a few better c'of:-'r.s
errr ra'l'e P
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Topological codes
S ince the 010's, Kilaevs Surtace ond more
enerally +opelegical Codes havg vith the help
2L state distilation, Supplanted the leading S5

code [g‘f‘panp code ).

(Surfece code)
The Sur€ace code is e Sfabilizer o0 laid out
on @ 2-D latdice., The generatos are impa/+;n1/y locel,
Corre spond :'1_9 1o X5 grounrd O@Ch vortex and 2'c emwand

eaCh face. Y Stob, lyzér (;.e. ON A/ l\Pl‘,hb‘Uf/'h’
interartonS nooded )

5 N o 7
T H— 2 stabilizor
- e

actually oJapencls on
\bodhd-ni-:..

O}’l Q S@UDI{’ ’a‘f’ff(‘P., ‘Ih[Sﬁ/'V(_S No ’09;{.‘, e/dbr“fs
S0 ,Oﬁ;f" q/"bffS‘ orf Madd by (’w_hanj

delocds from the Stabilizer genomtos
defect

DPFK"B can then be moved witn cw/)/ M Casilomeont
p€ the Steb./|;zers



Foult -tolorent 'fa'oalo;/ro / ’a‘/ es

Fault-tolesent gates in a topo logicg! Q ECC have
Jifeecent €lavou rS; but gererally Clit€ord gatas
are CHEAP, T pates are EXPENSIVE. In
pa/{.‘ra’Or ) Cl¢fYro) gateS ave _9\0/!(’/4//), performed
by moving oS, while T gateS US€ magir Siate

distill ot on.

(Brasded surface Code — unt'l 2020%)
The fir5+ maln FTREC preposal Laseal on curface a@les

Defects (P/,',nal or dual) are in pairs, imp lomont
ates by oraiding the defects
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tareet ~ verdical e

Time 5fq walN (vmplqﬁ‘oh
> worH looking qt topolosiel
- compac+ion
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(Ln*-h'ﬂo SuroPry - +he hew ki)
Leading propesels how usé latiire Su‘gery.
MNain ilea 15 To Compute (C1; €£ords) by meraing
and spl,'*H;/\’ Jdefelts.
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Relative volumes

Conpcﬂa'hb’l in 40'00/@"(?, codes 1S 7[(/)0/('0//!/
meaqsuréd in volume. By \/ﬂluqu state Jisiilation

Va s+/y putweighs compuiation.

E-9
S’.NT/? , =
+imb Xeate CNOT ogqip IMStete

Rosult: The T gate (s ORDERS
of MAGNITUDE more aqensive
in surface Codes than (| {€rd oateS

Fg from ar Xiv:l 807.03663) Hani Homan Srmubritien 'V"“I
linea’ T'(‘D,’LPIPXI"}‘Y




Further rotes about reSources

Tn FTQEC, Spale and 4ime uSase€ are Infed
and inCreaseS inpither ot 1ne logira | leyer +epel 1o
compourd end 0Ffect Loth prySically.

Thm . (Thrpshpld 9 h?arrm)

I Ahreshold 1heorem €or @ TTREC medhod States
that i Physmvl error rates are below p. . Then

o (’am)ou‘fa‘ffan con be PP/fb/m.(J o a/b/«}y.;y P/p(‘[gb,'
by increasing the emourt of erros corvection,

Ex.
p1n For 4 he S+eone codo s proven 4o 6o 10°°
-3

P*“ €or Surface cole is estimaled at o

(('Ocl? diStan (‘p)
The disdence of ¢ QECC is ameasure of how reslgrt
to errors i+ iS. Increasing distanf resh’es (471°;""4')
‘-n(\/pas',ng PhyP;(a/ 71.5"5 PP’ log rcal Qtle'.

To und?r’??’ancl how reSource usegeé Compouncls n F710 EC"
|magin € Fhat ONP ciccuit C, tahes twice a$ long (..o dqafl.)
oS andther cireait 5. When apply ing er ror oo//pﬁ,‘o,,) e

has mare Chanoe Lor @avrors do atruml lade ., ar @ so may tate
Mo’ Ph‘,SIfO, ;pﬂ('{ oS Wl.”, I-{. C '\QS +Wl'('€ - Xy M‘ny T”‘fes
éach nefas @ magic Slarte which 'S §0’,6 morf p/?(’,’sp)

QS weP " 9
|eading +o larper 2 lenger s/ote P/PPO/dion circads,
e.9. I5-1 teromes 15—, ..

I, 'J_x
logical Foolprint 1 —>

ot oot o S




BPyoncl Solo vary ~ Kitaev

S /hnee geote epproximation produces lone ivryts
with many T gates, Optimizing Single §4bit oate

@ poroximatiorns in Cl,{ford+T i fund
in circart (‘aM'P“a'th > is @ furdamental P’Db,PM

e produeS a eircurt
For many yeors, the best-known ConsStrvct Ve melhed

(Dawson & Niolsen 2007) gave €73 for §H, T3, An
nEoymetion=Theorelic lower bound of 3loag (€)
5u99p3./~ betlter weS pOQS’/'b’-P Sut wasSht met until
1he Number theoredic method was davptpped in
Qoi3-apo1Y, To this doy, £or €H, TS 4he bes+

icnow h (pure Circdrt) @{90’/"/'ﬁn 'S _EQS_S_&E'CL’_);‘_’{_(-?W{)‘;

Gr,'d— Syn‘f/\ which proddres a'oprox/rnaf.b’lf of longth
3log (e) + O(log log &)

1 € measurenent s ollowed, +he PO F method of
Bg(‘f\algv.%PDP'f“f’/Pr L Swre (2015 reduces this 1o
an expeCted length

log (Ve) +Ollog log Ye)
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